We investigate the influence of an external magnetic field on spin phase relaxation of single electrons in semiconductor quantum dots induced by the hyperfine interaction. The basic decay mechanism is attributed to the dispersion of local effective nuclear fields over the ensemble of quantum dots.
The characteristics of electron spin dephasing is analyzed by taking an average over the nuclear spin distribution. We find that the dephasing rate can be estimated as a spin precession frequency caused primarily by the mean value of the local nuclear magnetic field. Furthermore, it is shown that the hyperfine interaction does not fully depolarize electron spin. The loss of initial spin polarization during the dephasing process depends strongly on the external magnetic field, leading to the possibility of effective suppression of this mechanism.
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The spin state of an electron confined in a semiconductor quantum dot (QD) is considered one of the most promising candidates for realizing the basic building block (i.e., qubit) of a quantum information system. Since the fundamental concept of this new paradigm relies on quantum mechanical entanglement of qubits, it is quite crucial to control spin relaxation processes that destroy the coherence of spin quantum state. So far, most of the attention has been devoted to the relaxation processes that result in irreversible loss of wave function phase due to spin-phonon interaction caused by spin-orbital coupling in solids or hyperfine interaction (HFI) in crystals with non-zero nuclei spin moments (see Refs. 1 and 2 as well as the references therein). The common feature of these spin-lattice mechanisms is that their relaxation rates are very small in QDs at low temperatures.
On the other hand, the HFI can be considered as a source of a local magnetic field − → H HF acting on the electron spin that does not disappear at low (or even zero) temperature.
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This particularity makes the HFI a potentially dominant mehchanism at sufficiently low temperatures. In typical QDs, a sum of the contributions from a great number of nuclei spins forms this field. Thus, the strength and the direction of the − → H HF are the random variables, which vary from one QD to the next. Obviously, this dispersion can be damaging to quantum computation since electron spin precession occurs with a random phase and frequency. Nevertheless, it appears from a qualitative speculation that the role of − → H HF dispersion diminishes progressively with an increasing strength of the homogeneous external magnetic field − → B applied to the array of QDs.
In this paper, we provide a quantitative analysis of electron spin evolution under the presence of an external magnetic field − → B as well as the local hyperfine field − → H HF . Note, that a theory of electron spin relaxation caused by HFI in a QD was recently presented in Ref.
4. The main interest of Khaetskii et al. 4 lies on the electron spin decoherence process inside a single QD when the external magnetic field is zero. It also contains a brief discussion of spin dephasing time. On the other hand, the present study concentrates on the important process of electron spin dephasing induced by HFI in an ensemble of QDs and explicitly considers the effect of external magnetic fields.
The Hamiltonian of electron spin S in a QD containing N nuclear spins I j (j = 1, ..., N)
takes the form (h = 1)
where ω e and ω n are electron and nuclear spin splitting in a magnetic field directed along the Z axis, A j is a constant of HFI with the j-th nuclear spin. The Hamiltonian of Eq.
(1) is isomorphic to that, which was introduced to describe the bound magnetic polaron in diluted magnetic semiconductors. Most particularities of optical spectroscopy as well as the thermodynamics of bound magnetic polaron were successfully described by a model where differences in constants of spin-spin interaction were ignored. 5, 6 By analogy with this model,
we describe the dynamics of electron spin by Hamiltonian with a single effective constant
A of HFI. This allows one to express the Hamiltonian in terms of the total nuclear spin
Even with such a reduced Hamiltonian, the corresponding equations for the motions of electron and nuclear spins are quite complex,
where Despite the seeming similarity of Eqs. (3) and (4), there is a significant quantitative difference in the effective fields of the nuclei acting on the electron spin A − → F and of the electron 1 2 A j (S = 1/2) acting on the nuclei since a large number N >> 1 of nuclear spins are involved in the QD. The latter property with regard to the inequality ω e >> ω n means a large difference in the typical precession periods for electron and nuclei spins. Thus, for a moment, we can consider the time-dependence of − → F that is given in a parametric representation. The corresponding solution of Eq. (3) with respect to
(1 − cos Ωt).
The frequency of electron spin precession
has the simple physical meaning of the Zeeman frequency of electron in the total field − → H e = − → B e + A − → F composed of external and internal nuclear fields.
Actually, the components of the total nuclear spin moment F α (t), (α = x, y, z) is affected by the external magnetic field − → B n and the effective field of an electron A − → S , which is oscillating with a high frequency Ω near some mean value A − → S . This mean value also changes slowly with a typical nuclear frequency Ω n ≈ − → B n +A/2. By taking a small interval in time ∆t (<< Ω −1 n ) to be longer than the period of electron beats (i.e., ∆t >> Ω −1 ), one can average over the rapidly oscillating electron contribution in Eq. (4) and arrive at a system of equations with respect to F α = F α (t):
Here the bars mean the procedure of setting sin Ωt and cos Ωt to zero when Eqs. (5)- (7) are substituted into Eqs. (9)-(11).
Clearly, Eqs. (9)-(11) are non-linear. Fortunately, we obtain identically zero for the timederivative · F z = 0 that provides conservation of the nuclei spin projection F z on the external magnetic field during the dephasing process described by Eq. (7). Thus, the dispersion Mathematically, evolution of the spin polarization in an ensemble of QDs can be reduced to the problem of averaging Eq. (7) over the distribution functions for total nuclear spin [P (F )] and for its z-projection µ ≡ F z [P z (µ)]:
The corresponding distribution functions were found in Ref. 
where σ = 
and µ
. A more detailed approximation is of no interest since it corresponds to saturation of nuclear spin polarization along electron spin polarization that results in insignificant dephasing. The final result reads
The second conclusion is that dispersion of Zeeman frequency Ω controls the electron dephasing rate. Hence, instead of calculating Z(t) T from Eq. (13), we can find the distribution function for Ω; then, the dephasing rate can be estimated as the width of this distribution. In other words, the dephasing rate can be obtained from the width of electron spin resonance lineshape
Using the definitions in Eqs. (13) and (8) is expected to be the half width of the 1/e decay in the maximal intensity of g(ω). Equation (16) predicts a weak dependence of τ
on the parameter 2ω e τ 0 + √ σω n /T , which is proportional to the external magnetic field:
where the function ϕ(x) falls into the region between (0.69,1) (see Fig. 2 ). Thus, by the order of magnitude, τ At the first glance, it would seem that the efficiency of the phase relaxation increases with the QD volume V 0 as √ N = √ n i V 0 , where n i is the concentration of isotopes with the nuclear spin I. In actuality, however, we should take into account that the constant of the contact interaction A is proportional to the electron spin density at a nuclear site. 8 As a result, the rate τ
Let us estimate the HFI constant A in terms of ENDOR experimental data in Si:P.
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According to the definition,
Here g e and g n are electron and nuclear g-factors, µ B and µ n = (m e /m p ) µ B the Bohr and nuclear magnetons, m e and m p the electron and proton masses, Ψ − → r n 2 is the electron envelope function density at a nuclear lattice site − → r n , and the parameter η reflects the Let us also consider the final loss of electron polarization after dephasing reaches a saturation at t ≫ τ 0 . According to Eq. (14), the relative loss of initial electron polarization
where ε = (σA/T ) (ω n /ω e ). The value of σA which is independent of electron radius local- The result obtained in this study is directly relevant to quantum computing with a large number of qubits (i.e., a large number of QDs containing single electrons). Clearly, random variation in the spin precession frequency and phase across the qubits is deterimental; for example, it can break/negate the initial state preparation in a relatively short time frame of approximately τ 0 . Special methods must be applied to compensate this distortion. Our work suggests an effective way to suppress the dispersion of random local fields, making QDs a more attractable candidate for quantum computing.
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